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• A NOTE ON GEN ERATING G E N E R A L I Z E D  TWO- DIMENSIONAL 
—

PLATE AND SHELL THEORIES t

b y

E. Re i s sne r

Department of App l ie d M e c h a n i c s  and Fng in e e r i n g  Sc iences
UNIVERSITY OF CALIFORNIA , SAN DIEGO

La Jolla , Cal i fornia  92 093

ABSTRACT

“Ord ina ry ’ two dimensional  l inea r  she l l  t h e o r y  may be f o r m u l a t e d

by us ing six di f f e ren t i a l  equations for s t r e s s  r e s u l t a n t s  and coup les  and

for “middle ’ s u r f ace  force and moment  load in t ens i t i e s , in con junc t ion

with the pr incip le of vir tual  work , for the de r iv a t ion  of s t r a in  disp lacem ent

relations. The p resen t  paper deals with a more  genera l  f o r m u l a t i o n ,

• involving additional two -dimensiona l equil ibrium equat ions , as a co n s e q uen c e

of three-dimensional  equations for  force  and moment s t r e s s e s , in con junc t ion

• with a sti pulation of sur face  fo rce  and moment load in tens i t i e s  for  two face

sur faces  in place of the one m i d d l e  su r face .  The main  intent  of the  ana l y s i s

is an i l luminat ion  of th~ concept of a mechan ica l  C o s ser a t - s u r f a ce  t h e o r y ,

In comparison with ordina ry two-d imens ional shell theory .

A report  on work supported by the  Of f i ce  Of Naval  R e s e a r c h ,
Washington . D. C. 
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A NOTE ON GENERATING GENERALIZED TWO-DIMENSIONAL
PLATE AND Sh ELL Th EORIES

by

E. Reissner

Introduction

Given a two-dimensional system of six scalar equi l ib r iu m ~l i f f e r cnt i al

- 

- 
equations for s t ress  resultants and coup les act ing ove r the cross sec t ions  of an

- 

S element of a shell , the associated strain displacement  re lat ions  may be der ived

by an app lication of a suitable vers ion of the p r inc ip le of v i r tual  work , with this

derivation being of a par t icu la r ly s imple nature for the l i n e a r- t h e o r y  prob-

lem [3]. In the following we wish to show br i e f l y the na ture  of the r e su l t  which

is obtained upon der iv ing  a more general  sys tem ~f t w o - d i rn cn s i o n al  e qu i l i b r i u m

equations , as a consequence of a syste m of t h r e e - d i m e n s i o n a l  e q u i l i b r i u m  dif-

ferent ial  equations for  force and moment s t resses , in conjunct ion with  an ap-

propriate  s t ipulat ion of sur face  loads for  the two faces of the layer  in which  the

three-dimensional  d i f ferent ia l  equation s app ly, again wi th  a subsequent  d e r i v a t i o n

of s train disp lacement relat ions throu gh the pr inc ip le of v i rt u a l  work .  The main

purpose of our analy s is is to throw addi t ional  lig ht on the meaning of the concept

of a C o s s e r a t— s u r f a c e  two-d imens iona l  shell t h e o r y ,  in compar i son  wi th  “ordi-

nary ” two dimensional shell theory  [i].

The Three-Dimensional  Boundary Value Problem

We assume a three-d imensional  orthogonal coordinate  sys tem 
~~~~~

, 

~~~~~

, 

~~~

where the ~ and ~ -curve s are  lines of curvature  on the m i d s u r f a c e  ( = 0 , and

where the C -curves are straig ht lines perpendicular to the sur face  ( = 0, with  the

linear element be ing of the form [(1 + C/R )~~~d~~~
]2 + [(1  i c/R~~~~d~ .12 + d( 2 .

1 
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We introduce force and moment s t ress  vectors  o~
’, g

’

, T , ¶ , as we l lL — C ~- L

as force and moment pseudo s t r e s s  vectors a ., a
C~ :~ 

given by

- 

-

~~ r 1 _ (1 ~~~~~~~~~~~~ rZ2i .(1 ~~~~~~~~~~~ ( l aL i~ .i ”~ R . L T *~~~ L T  _ “~
. R L.r * J~S ~..1 2 ,~~ .~~2 1 ~~ 2

r
~~ ci = + + ~~~~~~~~~~~~~~~~ ( i b)L T  .J R 1 ~ R 2 L ’T’ _

with components represen ta t ions

(a., = ~~~~ a Cj~~i + (a C. 
~~~~~ 

( 2 a )

( r ., r ) = ( ‘r . .,  -r )n  x t . + (“ . , ~r ,.)n , ( Z b )
—‘I — C  Ci —

~ — i

where the t . and ii are tangent un it  vec tors  to the coord inate  c u r v e s .  The

eighteen d i s t i nc t  components of pseudo s t r e s s  in (Za )  and ( Z b )  a re  read i l y

shown to be subject to six d i f f e ren t i a l  equat ions of fo rce  and momen t  equ i l i -

br ium which , in the here  assumed absence of bod y fo rce  and moment  loads ,

are of the form [4]

(a a ) + (a  a ) +~~ a -
~~~ a a2 11 , 1 1 21 , 2 1 , 2 12 2 , 1 

~~~~+ — ~~~~~~+ a = 0 , (3a)R 1 @ . C

(~~ a ) + ( a a ) + a  a - a  a a2 12 • 1 1 22 , 2 2 , 1 21 1 , 2 11 
+ —

~
-

~~ + a = 0 , (3b)R 2 C2 , C

(rI2 al C
)
, l + (a1 a2( )  2 11

~~~~~~~~~ 
— - — +  - 0  13cR R L~~~~~~~~~~

ç 

P

1 2  1 2

~
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(a2 T
11

) 
1 + 

~~1 ~~~~~ 2 + a1 2
’T

12 
- a2 1 

+ + T + a - + = 0 , (3d)a1a2 R 2 Ci , C Ci R 1 C

(a ‘r ) + (a  1. ) + a  ‘r - a  ¶ T
2 12 ,1 1 22 ,2 2 ,1 21 1,2 11 

- 
C + r + a - (

‘
i + —

~— “a = 0. ( 3 e )R 1 C2 , C  C2 R 2 C

( a 7  
~~~~ ~~~ 

T2~~ ,2~~ 
+ + 

~CCI ~ 
+ (1 + - (i + = 0.

We comp lement the d i f fe r e n t i a l  equations ( 3 )  by the s t a t ement  of boundary

cond itions for the faces C = ± c of the layer in the f o l l o wi n g  fo rm

a a

c)  = ± -~~ + ~.L, aCC
(± c) = ± -

~~~ + ~~~~~~~~ (4a , b )

1’ 1~

T
Ci~~~~~~ 

~~~~~~~ c) = 
~~~~~~~~~ (4c , d)

We note that insofa r as the two-d imens iona l  t h e o ry  is c o n c e r n e d , wh ich  is

the object of th i s  anal ys is , the  t r a ct i o n  c o n t r i b u t i o n s p. and w i l l  come out to

be the ord inary  force  load i nt e n s i t y  components , wh i l e  the t r a ct i o n  con t r ibu-

tions q~ and q~ wi l l  come out to be o rd ina ry  moment  load i n t e n s i t y  components

tu rning about the t angent vectors  to the  shel l  s u r f a ce  c o o r d i n a t e  curves .  At

the same time , the t rac t ion  component q~ w i l l  be a moment  Load i n tens i ty  corn -

ponent turning abou t the normal  to the she ll  su r f ace , and the t r a ct i on  component

q~~wi1l be what migh t  be termed a “th i cknc ss -  hang ing ” kind of force  load in-

tens ity component.

L A -~~~~- - . - - - ~~~-~~~ -~~ 
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The Two-Dimens ional Eq u i l i b r i u m  Equa t ion s

We introduce fo rce - s t r e s s  r e s u l t a n ts  N . .  an d Q . in the usua l  f o rm

N .. = I a ..dC , Q~ = 
~~~~~~~~~ 

(5a , b)

Simp le inte g rat ion wi th  r e s pe c t  to ~ of the f o r c e  s t r e s s  d i f f e r e n t i a l

equations (3a , b , c) , and obse rva t ion  of the boundary  condi t ions  (4a , b), then

gives the conventional  two-dimensional  equations of force e q u i l i b r i u m

(a 2 N11
) 

~ 
+ . Qi ( a N )  + . . . Q~

+ + p  0 , — ‘ + — + p  = 0 , ( 6a , b)R 1 a1a2 R 2 -

( a Q )  + ( ~~~Q )  N N
2 1 , 1 1 2 , 2  11 22

- — - -—--— + p  = 0 .  ( 6c )a1a2 R 1 R 2 C

We next in t roduce fo rce- s t r e s s  coup les M~~ and m o m e n t- s t r e s s  r e s u l t a n t s

M ”. and P. defined by
U

C C Ca C r C
• M .. = a . .C d C ,  M . . = ‘r .. d C ,  P = r d~~. ( 5c , d , e)

—c U ‘ —c U — c

In a t t empt ing  to obtain e q u i l i b r i u m  d i f f e r e n t i a l  equa t ions  for  the M . . ,

M
T and P . throu gh appropri a t e  in t eg ra t ion  of the t h r e e  d i m e n s i o n al  e q u i l i b r i u m

S equations (3a)  to (3 f )  we f ind it n eces sa ry  to i n t r o du c c  s up p l e m e n t a r y  two-d i-

mensional  force-s t ress  measures  Q ,  S., T , of the f o r m

C 
c C

— Q. = I ( o ~i - iç°~ C~~
C P S. 

~~~
a.

~~C d C~ 
T : a

CC~~
. (5f , g, h )

- .- ~~. - - --—-—5 - - —-- ~~~~~~~~~~~~~~~~~~~~~~ -~~ . -  — - - - -~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ --~ - -,  ~~~~~ - ~~~~
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With this we obtain f rom equations (3a)  to ( 3 c ) ,  w i t h  r~~ CT~. cdC

= Ca~ 1
c 

- J~~~
a

~
.dC, and with a corresponding relat ion involv ing

(a3M~~ ) 1+ (a 1M~~ ) 2 + a1 2 M~ - a2 1M~~.
F 

‘ 

a ‘ ‘ - Q1 + q = 0 , (6 d)
1 2

(a 2M
~~

) 
1 

+ 1M~~ ) , 2 
+ a2 1 

M~~ - a1 2 M~~ 
- + q a 

= ~~~~, (6 e )
2 2

(a 2S1 ) 
1 + ( a S )  

2 
M ’7 M~2 -

~~

- -j -— - --j
~
-- - T + q,. = 0 .  ( 6 f )

1 2 1 2 -

• At the same t ime  we obta in  f r o m  the t h r e e - d i m e n s i o n a l moment  equi-

L i b r i u m  equat ions  (3d , e , f ) ,

( a M )  + ( a M )  + a  M - a  M P
2 11 , 1  1 2 1, 2 1, 2 12 2, 1 22

+~~~~— + Q - Q  + q 1 = 0 , (6 g)

( a M T ) + ( a M
T ) + a  M - a  M

T 
~2 12 , i 1 22 , 2 2 ,1 21 1 , 2 ~ - + Q - Q -I- q 0 , ( 6h)R 2 2 2

1 2  1

(a P ) + (a P ) M T M T 
M 0 M °

2 1 , 1 1 2 , 2 12 21 12 21 r+—  - — + N  - N  + —  - —------ + q  = 0 , ( 6 k )
S 

a1a2 R 1 R 2 12 ~ R 1 R2

giving us a l together  nine two-d imens iona l  d i f f e r e n t i a l  equa t ions  of e q u i l i b r i u m .

1-’ - The follow ing observat ions  may be made c o n c e r n i ng  the above sys t em

of nine e q u i l i b r i u m  equat ions .

5 
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(1 )  We recover the customary six equat ions of fo rce  and moment

• equilibrium for the case of absent moment s t resses , tha t  is for thc case

that M
T 

= P. = 0 and q~ = q~ 0, throu gh use of al l  n ine  of the above equa-

tions . Three of these , equat ions (6a , b , c) remain  as they a re .  Two of

them , (6d , e) ,  assume the conventional  form upon s e t t i n g  M~ = M . .  and
U U,) —

upon using the moment s t ress  resultant equations (6g, h)  for  the purpose  of

el iminat ing the quanti t ies  Q~ f rom (6d , e) .  Finall y, the conventional sixt h

equation , e x p r e s s i n g  moment equi l ib r ium about the no rma l s  to the she l l

surface , fo l lows he re d i r ec t l y as the thi rd  moment  s t r e s s  resu l t an t equa-

tion , without  supp lementa ry  iden t i t y  cons ide ra t ion s as in the convent ional

• der iva t ions  of this  equation .

(2)  Even in the absence of moment s t r e s s e s  there  remains  a “seven th”

equation , involving the th ickness -chang ing  f o r c e  load i n t e n s i t y  m e a s u r e  q~~,

as wel l  as the three t ransverse  fo rce-s t ress  measures  S. and T. We note

that this seventh equation has previous l y been shown to be of some si gnifi-

-
• 

cance for  the analys i s  of s andwich - type  she l l s  [2 , 5].

Strain Disp lacement Relations

We introduce disp lacement  measures  in a way to enable a l l  n ine  s u r f a c e  S

load in tens i ty  measures  to do work and , cons i s t en t  w i t h  th is , we in t roduce

s t ra in  measures  in a way to enable a l l  t w e n t y - o n e  s t r e s s  measures  to do

work. Assuming for s imp L i c i t y ’ s sake at this  po in t  the v a n i s h i n g  of a l l  dis-

placements along the ed ges of the shell  we then have a v ir tua l  work  r e l a t i on

_ _ _  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S _ _S _ _ S_S
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r (p . 6u . + P
ç

~~W + q~~ôØ. + qT~~. + q~~~p + q~~~w ) dA

= .I (N
~~

6c
~ 

+ Q. óy . + Q.~5y~ + M~~ôx~ + M~~ôx~

+ S. ôii . + P. ÔX . 4- T o e  )dA , (7 )
U I I I

w ith dA = a1a2d~~1d~ , which is to hold subject to the nine equilibrium equa-

- 
S tions (6). El iminat ion of the quant i t ies  p and q in ( 7 ) ,  th roug h use of equa-

tions (6 ) ,  and suitable in tegra t ions  by par ts , in o rde r  to e l im inate  de r iva -

tives of the twenty-one measures of stress , with these measures now be ing

a r b i t r a r y ,  then leads to twenty - one v i r tua l  s t r a i n  d i s p lacement  r e l a t i ons

whi ch , because of l inearity, may be translated immediatel y into actual

s t ra in  disp lacemen t relat ions , as fol lows

u a u U a U1 1  1 2 2  W 2 1  1 2 1
C = + + , € = ‘ - ‘ - jj , etc. (8a-d)
i i  a a a  R 12 a

1 1 2 1 1 1 2

w U
i ‘U *

V. = - + 4~
. ,  = - , (9a , b)

S 

~ ~ 1 1 
a1 2~~2 p 

~ ~ 2 1 
a1 2~~ 1 rJ’ 

I
= a + a + R ‘ 12 

= 
or

’ - 

~
‘ a 

- i— , etc .  ( l O a — d )
1 1 2 1 1 1 2  1

•r ~i,i 
a

1 2
$2 ¶ ~ 2 ,1 a1 2 ~~2 

~X = + , X = - - —
, e tc .11 a a a  12 a R1 1 2  1 1 2  1

p i - 
W i *2 w~~ ~~ 

F .

= 
‘~ 

= = —

~
— + x 2 = —

~~~
-

~~
- .- . ( 1 2 a - e )

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~



We note that these  s t r a i n  d i sp lacement  r e l a t i on s imp l y d i s t i n c t  r o t a -

t ional  d i sp l acemen t  measu re s , c o r re s pond ing  t o  the  momen t s  and M . .

respec t ive ly ,  except  for  the case for which  c o n s t r a i n t  c o n d i t i o n s of the f o r m

= 0 may be assumed. Fur thermore, we have the occu r r ence  of the t h i c k -

ness-changing  disp lacement  measure  p. being an e f f e c t i v e  t r a n s v e r s e  n o r m a l

s t ra in  measure , wi th d e r i v a t i v e s  w h i c h  are  a measure  of what  m i g h t  he cal led

a n t i - t r a n s v e r s e  s h e a r i n g  s t r a i n .

The above fo rmu la t i on  of two-d imens iona l  theory  inc luding  the  e f f e c t  of

moment s t r e sses  is more general  than the theory  obtained e a r l i e r  by asyrnpto-

tic cons idera t ions  of t h ree -d imens iona l  theory  in c on junc t ion  w i t h  c e r t a i n

o r d e r - o f - m a g n i t u d e  s t i p u l a t i o n s  concern ing  moment  s t r e s s  and f o r c e  s t r e s s

con s t i tu t ive  c o e f f i c i e n t s  [4] . A “d i r ec t ” t w o - d i m e n s i o n a l  t h e o r y  c o r r e s p o n d i n g

F to the one cons idered  in [4] may be deduced wi th in  the p r e sen t  con tex t  by i n -

. a ¶
t roducing the combined moments  M ..  = M .. + M . .  and th e co mbrned loads

‘ q~ + q~ and by rep lac ing  the four moment  e q u i l i b r i u m  equa t ions  (6d , e , g, h)  b y

the two combined equat ions

( a M  ) + . . .  ( a M  ) + . . .
2 11 .1 

- Q1 + q = 0 , 
2 ~2 ,1 

- Q 2 + q 2 = 0 , (l 3a , b)

leaving,  a l together , a syste m of seven equ i l i b r i um equa t ions  and l e a d i n g ,  
S

w i t h  = 0 and = ~~
T
. = x ... , to a system of f i f t een  s t r a i n  d i sp lacement  r e -

I UJ 13 UJ

Lations , instead of twenty -one , involving the d i sp l ace ment measures u ., w ,

0.. w and p. E v i d e n t l y ,  t h i s  direct theory is meaningful only to the extent

that  it is j u s t i f i e d  b y the  t h r e e - d i m e n s i o n a l  cons idera t ions  in [41.

_ . 8 
_ _ _ _ _a.a —~~ -— -—-“- —..aS.ga — —~~
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An extreme case of the o r d e r - o f - m a g n i t u d e  r e s t r i c t i o n s  on moment

s t ress  const itut ive coef f i c i en t s  in 141 is given when it is assumed that the

three-dimensional medium is unable to support any moment stresses and

moment loads. We then have My ’. = P . = q ” = q = 0 and the n ine  e q u i l i b r i u m

equations (6) ,  wi th  M~ = M . . ,  Q~
’ = Q.,  and q~ = q. al t oge th er become a sys-

tern of seven equations. It is noteworthy that one of these; tile “third”

moment equilibrium equation (6i), remains a consequence of the three-

dimens iona l  moment s t r e s s  e q u i l i b r i u m  equat ions , in sp i t e  of the fac t  tha t

moment s t resses  a r e  assumed absent  at the o u t s e t .  As ide  f r o m  t h i s , the

significant content of our present derivation for this class of cases is the

appearance of the seventh, thickness-changing, equilibrium equation (~ f), in-

volving the transverse normal stress measure T and the anti-transverse

shear  s t r e s s  measures  S . .

The s t r a in  d i sp lacement  r e l a t ions  fo r  t h i s  t h e o ry ,  aga in  d e r i v e d  t h roug h

use of the p r inc ip l e  of v i r t u a l  work (wi th  the T n o n_ e x i s t e n t iF t w i s t i ng momen t

Load component  q r e t a ined  for  the d u r a t i o n  of t h i s  d e r i v a t i o n ) now c o n s i s t  of

the four  r e la t ions  (8)  fo r  the components e . ,  t o g e t h e r wi th  the two r e l a t i o n s

v i = w ./a . - u ./R . + 0., w i t h  these six re la t ions  be ing  of the c o n v e n t i on a l

form [3), and of the seven additional relations

01,1 ~~1 ,2~~~~2 p 
~~ 2 , 1 

a1~~~01
X = + + — X = - - — , etc. (14a-d)ii a1 a a 2 R1 12 or1 or1~ ’2 R

p p
.1C = p,  

~
.L
i =

~~~~~~~~~
, I~

L 2 =—  , ( 12 a - c )a1 a

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



S 
--~~~~

--- ._~~~-_ S_~~~~~~~~~~~~~~~~~~~~~~~

I

which are d i s t i ngu i shed  f r o m  the convent ional  r e l a t i o n s  by the appearance

of the d isp lacement measure r and of the th ree  s t r a i n  measu re s  and

Stress Strain Relations

A special case of the theory without mon~~- nt s t re s s e s , as d i s c u s se d

at the end of the preceding section , is given by the case of a sandwich-type

shell with stress strain relations of the form E 5~

c = C(N -vN ) ,  c 21 = ( l + v ) CN , e = . . . . , C = . . . . ,11 11 22 12 12 22

( 1 3)
M = D ( x  + v x ) ,  M = M  = ( 1 - v ) D ( x  +~~ ) ,  M = . .. . ,

11 11 22 12 21 12 21 22

= C
0

Q . ,  
~ç = CTT , S1 = 0 , ( 14 )

with the e. . as in ( 8a-d) , the x . .  as in ( 14 a - d ) ,  € . as in ( 12a)  and the  v . as in
U) ii I F

(9a , b) wi th  v. = 0. We note once m o r e  that  the s i g n i f i c a n t  “non - c o n v e n t i o n a l ”

aspect  of these  e q u a t i o n s  of two-d imens iona l  she l l  t h e o r y  is the a p p e a r a n c e

of the d i s p lace ment  va r iable p in the e x p r e s s i o n s  f o r  x ,  and in

• conjunction with  the seven th  e q u i l i b r i u m  equa t ion  (6 1), for  M , M~~ and T.

We consider as a second special case the problem of in-plane deforma-

t ions of flat plates in terms of c a r t e s ia n - c o o r d i n a t e  independent  v a r i a b l e s ,

as governed by the convent ional  e q u i l i b r i u m  equa t ion s

N + N + p = 0 , N + N + p = 0 ( i S a  b)
11~,1 21, 2 1 12 , 1 22 , 2 2

whe re  N
12 = N , t o g e t h e r  wi th  the u n c o n v e n t i o n a l  e q u i l  i b r i u r n  e q u a t i o n

S
1 1  

+ S2 2  - T + q ç 
= 0 , ( ) 5 c )

L 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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and togethe r w i t h  s t r e s s  s t r ain  re la t ions of the fo rm

N.. = B~~’~€ + B~ . c , T = BSc . . + B C e , S. = B. • F’ . ( 16)tj tj mn U ,) C i,j ij P C I 13 j

with  ~~~~ = ~~~~ B~
rn 

= B~
m , B~ = B~ , B. .  = B . . ,  and wi th  € = U13 31 13 3 1 1) 31 1) 3 1 11 1,1

C + C = U  + U  , € = u  , e = p ,  ~~~~~~~~12 
~~ 2 ,1 1,2 22 2 , 2 

~ J ~)

It is evident that the th ree  equ i l i b r ium equat ions  ( 1 5 )  in con junc t ion  w i t h

the s t ress  s t r a in  r e la t ions  ( 1 6 )  r epresent  a g e n e r a l i z a t i on  of the conven t iona l

fourth order plane stress problem for the two disp lacement components u ,

to a sixth order  problem for the three  d i s p l a c e m e n t  components  u . and p.

What is not evident at this point is whether  the re a r e  in f ac t  t h r ee -d imen-

sional problems for  p lane e l a s t i c  layers , of such nature that the conven-

tional two-d imens iona l  plane s t r e s s  approximat ion  in t e r m s  of the N . .  is n ot

adequate , whi le  at the same time the two-d imens iona l  p rob lem w i t h  cons ider-

ation of the supplementary s t ress  measures  S. and T is in fact adequate. The

Section which follow s is intended as a s t a rt i ng  point  towards  an answer  to

this question.

In-Plane St re tching  of S y m m e t r i ca l l y Lamina ted  Sheet

We cons ider  a plane laye r with three-dimensional s t r e s s  s t r a i n  r e l a t i o n s

a E e + E  e +E v + E e , a E e + . . , .
S 

11 11 11 12 22 13 12 1 C CC 22 21 11

( 1 7 )
a = E  e 4 . . . .  + E  e , a = E  e + . .. ,  + E  y + E  c

-: 
12 31 11 

~C CC CC Ic  11 12 :..~

where e = 1 3  , e =11 , ~~
‘ = U  + U  , e = W  , and11 1, 1 22 2 , 2 12 1, 2 ~‘~~~~i CC C

.1

1
•
1 

-

~~ 
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0 
c 

G
11Y 1C 

+ G
12

V 2 C I  a2 ~ 
= G v  + G y  (18)

where y. = Ti . + W ., where the E and G are given even function s of the
IC t , C  p 1

thickness coordinate C~ and where  we wish  to e s t ab l i sh  t w o - d i m e n s i o n a l  s t r e s s

s t ra in  relat ions involving the r e su l t an t s  N . . ,  S. and T.

An inspect ion of the given t h r ee -d imens iona l  r e l a t i o ns  ind ica tes  that

the essent ia l  d i f f i c u l t y  now consis ts  in eva lua t ing  the assoc ia ted  s t r a i n  inte-
S 

grals .  We may overcome this  d i f f i c u l ty  by a p p r o x i m a t i n g  the th ree  -dimen-

sional d isp lacement func t ions  U . and W in the f o r m

U . = u .(x , x ) ,  W = ( C/c)w (x 1, x 2 ) ( 19a , b)

Therewith , we obtain f rom equations (17) ,

C c
- rS N = u  - E d C + . . .  + ( u  + u  ) E d C + —  E d-

11 I ,l~ J 11 1,2 2 ,1 13 C .  iC-c -c -c

( 2 0)

N = . . . , N = . . . , T = u  I
C

E d C + . . . + ~~~~
1 E d C22 12 l

~~
l’ _

~~ 
IC c ‘ -c ~

and from equations ( 1 8 )

S
i 

= ~~~~ ~1 C2 0
11d C + 

w

~
, 2 

. 1 C 2 G12dc ,  S = .... ( 2 1 )

and it is ev ident  that we may i d e n t i f y equat ion s ( 2 0 )  and ( 2 1 )  w i t h  equa t ions

* (16) upon ident i f y ing the d i sp lacement  va r i ab l e  p in ( 1 6 )  wi th  th e  q u a n t i t y  w/c S

Ii

in (20)  and (21) .  L
L ~~~~~~~~~~~~~~~

. . . .~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



Having equations (20)  and (21) in conjunction wi th  the th ree  e q u i l i b r i u m

equations ( 15a , b , c) we may recove r the convent ional  t h e o r y  by a s s u m i ng

that T is negl ig ib l y small  in the s t ress  s t r a in  r e l a t i o n s  (20 )  and use th is  as-

sumption to el iminate w/c f rom the remaining contents  of (20 ) ,  w i t h  the c on-

ventional problem of de te rmin ing  the N .. and u~ r e m a i n i n g .  Subsequent l y we

may use (21)  to obtain the S., and then ( l 5 c )  in o rder  to de t e rmine  a con-
I

sistent approx imation for T.

In the event that a quant i ta t ive  improvement  of the above a p p r o x i m a t i o n

is desired the question ar ises  whethe r the sys tem ( 1 5 )  in c onjunct ion  wi th  (2 0 )

and (21 )  is in fact  such an improvement  or wh e ther  the exp l i c i t  c o n s i d e r a t i o n

of the W-approximat ion  ( 19b)  in the shear  re l a t ions  ( 2 1 )  does n. in e f f e c t

require  the s imultaneous cons ide ra t ion  of a r e f i ned  U -approx ima t ion , of the

fo rm

U . = u .(x , x )  + ( C/c ) 2 v~(x 1, x 2 ) .  ( 19a #
)

Use of ( 19a’) in p lace of ( l 9 a )  changes equat ions ( 2 1 )  in to

S. = ~~~~~~~~~~~~~~~ Z 4” ~~~~ C
2

G d C  + (—
~
-
~ 

+ Z4~’ 
r 

C 2 G d C ,  etc (21 ’)

and equations (20) become

N = u  E d C + ~~~~~ ~ C2E d C +  . . .  ~~~~ 1
c 

E d~11 I , 1 11 C ‘. 11 C • 1-c -c S

(20 ’)

N
22 = ; T = u I ~~$ E j C d C +

~~~~
1 I (2E 1 C

d ( +  . . . .

- — m~~—~~~~~~~~~~~~ .—— ~~~~~~~~~~~~ 
.-
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Evidently, the appearance of the addi t ional  d i s p lacement  va r i ab les

v~ in the s t ress  s t ra in  relat ions of the problem means that  the th ree  equili-

S brium equations (15)  are now inadequate. We may obta in supplementary

equations by consider ing supp lementary  we ighted averages  of the g iven

three-d imensional  equi l ibr ium equations.  In doing th i s  we f ind that  it wi l l

now not be possible  to incorporate  the r e su l t i ng  consequences  in to  our in i t ia l

scheme involving use of the p r i n c i p le of v i r t ua l  work fo r  the de r iva t ion  of

strain disp lacement re la t ions  for  a C o s s e r a t - t y p e  su r face  theory .  We b y-

pass this d i f f i c u l t y  by in t roducing  supplementary s t r e s s  r e su l t an t s  R .. in

the form

R .. = J (1 - C2/c
2)a ..dc , (22)

13 —c 13

and we obtain two equi l ibr ium equat ions involving til e R . . ,  in c o nj u n c t i o n  with

the S., f rom the re la t ions r (a. . . + O’p .  r ) ( 1  - C2/c 2 ) d C  = 0 in the form
I —c 13, 1 

~~~~

R .. . + (2/c 2 )S . = 0 ( 2 3 )  513, 1 3

• Note tha t in doing this  we did not need to i n t roduce  any s u p p l e m e n t a r y  mea-

sures  of t r ansve r se  shearing s t r e s s .

Having equations ( 2 3 )  we now comp lete our sys tem of equa t ion s of two-

dimensional  theory by deduc ing, f rom equations (17 ) ,  the supp l e m e n t a r y

stress  s t r a in  re la t ions

R
11

= u ( 1 - ~~~)E
11

d~ + v
1 1~~~ (~~~ - ~~~)E

11
d~ + ...

14



~~~~~~~~~~~~~~~~~~~~~~~ ~~~~

+ ~~ 1 ( 1  - ~~~)E 1 cd C~ 
R = . .. ,  R = • . . , (24)

S . 

where we note specif ical ly that onl y the f i r s t  three  of the fou r re la t ions  in

(17) are made use of in this fashion.

We refrain f rom extend ing the above in variou s poss ib le  ways , such

as to the case for which t r ansve r se  bend ing and s t r e t c h i n g  are  coup led be-

cause of mater ia l  asymmetry ,  arid such as the use of more sop h i s t i c a t e d

averaging schemes , consis tent  wi th  what would fol low f rom a cons ide ra t i on

of the laminated sheet problem w i t h  the hel p of d i r e c t  ( R a y le ig h - R i t z )  methods

on the basis  of the pr inc ip le of min imum comp l e m e n t a r y  energy .  Ins tead  we

recall  once more the p r inc i pal purpose of this note , to hel p br idge  the gap

between “ordinary ” and “ C o s s e r a t - t y p e” t w o - d i m e n s i o n a l  t h e o r i e s , w i t h  an

indication of apparent l imi t a t ions  on the app l i c a b i l i t y  of re sul ts  of the

Cosserat  type .

4
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